Abstract. We prove that Cauchy transforms of characteristic functions of subsets of positive measure of the unit circle are equidistributed in the unit disk in the sense that the L p -closure of the polynomial algebra in these Cauchy transforms coincides with the L p -closure of the polynomial algebra in a canonical inner function. As a corollary to this result we find conditions describing when the polynomial algebra in two singular inner functions determined by point masses is dense in the Hardy spaces H p .
Introduction
Let A be a subalgebra of H ∞ . It can be shown that the structure of the lattice of closed subspaces of H p , p < ∞, invariant under the multiplication by elements of A, is closely related to the structure of the H p -closure of A (cf. [7] ). This leads to Beurling-type results for multiplication invariant subspaces. In particular, when A is dense in H p the lattice of A-invariant subspaces coincides, at least in a weak sense, with the lattice of z-invariant subspaces, and is described by the theorem of Beurling [2] .
Results about the density in the disk-algebra when A is a subalgebra of the disk algebra were obtained by J. Wermer, N. Sibony and J. Wermer, R. Blumenthal and others (cf. [3] , [11] , [13] , [14] , [8] ). An obvious necessary condition for density is the separation of points of the disk. Simple examples show that this condition by itself is not enough: boundary behavior has to be considered, too. It was assumed in the papers mentioned above that the generators of the algebra are analytic in the closed domain, and then the condition additional to point separation was in some form of non-vanishing of the derivatives on the boundary.
The case of finitely generated polynomial algebras in the Hardy spaces was considered in [7] . Under certain conditions on generators the polynomial algebra has finite codimension in H p . The result in [7] gives an estimate of this codimension. If A is finitely generated but some of the generators are not disk algebra functions, the methods of the previously mentioned papers are not applicable. The case of an algebra generated by two functions, one of which is a finite Blaschke product, and the other is an arbitrary bounded analytic function in the unit disk, was considered in [12] . The condition for density in H p was expressed in terms of a certain function Γ associated with these generators.
In this paper we consider a situation when both generators are discontinuous at some points of the boundary. Namely, let w 1 and w 2 be two points in T, and let g 1 and g 2 be singular inner functions determined by point masses λ 1 and λ 2 at w 1 and w 2 , respectively. Is C[g 1 , g 2 ] dense in H p ? None of the previously-developed methods works in this situation: irregular boundary behavior does not allow the application of Cartan's theorems as was done in [7] (this is impossible even when one of the generators is discontinuous on the boundary). Moreover, both g 1 and g 2 have infinite multiplicity in D which makes it impossible to define Γ as in [12] .
Our first result is peripheral to the main result of this paper, but is of independent interest. 
Theorem 1. Let f be a function of bounded mean oscillation on T, and let
(c) g is a Blaschke product of order n if and only if A is a union of n separated arcs.
Remark. Theorem 2 allows us to answer positively the following question on cluster sets posed by Alexander Izzo [6] . Given a Borel set A with 0 < |A| < 1, does there exist a bounded function such that f is continuous on A c , and for each ζ ∈ T, the cluster set of f at ζ is closed under complex conjugation? Theorem 2 reduces the problem of density of the algebra generated by two pointmass singular functions to a certain pure geometric consideration. As a result we prove the following theorem.
where a is the midpoint of the geodesic joining w 1 and w 2 , then the algebra
The structure of this paper is as follows. In section 2 we prove Theorem 1. In section 3 we prove Theorem 2 and its corollary and provide our answer to Izzo's question. Section 4 is devoted to proof of Theorem 3. Finally, section 5 contains several open problems.
Subalgebras associated with BM O
In order to prove Theorem 1 we make use of the following proposition. This is a simple two-variable extension of standard results on orthogonal polynomials. The elementary proof given below is adapted from [5] .
A function on the unit circle T is said to have bounded mean oscillation if
where the supremum is taken over all subarcs I of T, and f I is the mean of f over I, that is,
Here |I| = m(I). We let BM O denote the class of functions of bounded mean oscillation. Clearly bounded functions are contained in BM O. It is easy to see that the unbounded function | log |θ|| is also in BM O. The classic estimate of John and Nirenberg shows that log is typical of unbounded functions in BM O. 
for all nonnegative integers m and n. Then f = 0 almost everywhere with respect to µ.
Proof. An application of Hölder's inequality shows that the function
is holomorphic for | z| < λ, | w| < λ. The moment condition implies that all the complex derivatives of F vanish at the origin, and hence F is identically zero. Thus
for all real numbers s and t. By uniqueness of the Fourier transform, it follows that f = 0 almost everywhere with respect to µ.
Proof of Theorem 1. Now suppose f ∈ BM O, with associated σ-algebra Ξ. We denote by µ the pull-back measure of f , that is, for each open 
is measurable with respect to Ξ if and only if
for all nonnegative integers m and n. By the John-Nirenberg theorem, the measure µ decays exponentially, so the existence of such an h contradicts Proposition 1.
The following example shows that the condition f ∈ BM O is sharp. Let
and f (x) = ϕ −1 (x), where
Then f is defined and real-valued on [0, 2π) and f = 
This shows that the function sin 4 √ f is orthogonal to every polynomial in f andf . This function is clearly in every L p and measurable with respect to the σ-algebra generated by f . This shows that the condition f ∈ BM O cannot be replaced by the condition f ∈ L ∞ + .
Cauchy transforms of characteristic functions
All functions discussed in this section are considered to be defined on, or restricted to, the unit circle T.
Let A ⊂ T, m(A) > 0, and letf be the Cauchy transform of χ A , that is,
It is well known thatf is in BM OA, and therefore can be identified with its boundary values. Write f =f − m(A), then we obviously have
where λ = m(A) is a real constant.
Proposition 2. For every
where r k,l and q k,l are polynomials of degree k+l−1, and q k,l (0) = 0. Consequently, the Cauchy transform of a polynomial in f andf is a polynomial in f .
Proof. Obviously χ 2
A = χ A . By (1) this can be written as
Solving the last equation for f f we see that
where r 1,1 (z) = (λ − λ 2 ) + (1 − 2λ)z and q 1,1 (z) = (1 − 2λ)z. The relation (3) establishes (2) for the case k + l = 2. We continue by induction in k + l. Suppose that (2) holds for all k, l such that k + l ≤ m − 1. We have
where 
Using the induction assumption once again we obtain
whereS m−1 (f, f ) is another polynomial in f and f of total degree m − 1. An argument similar to the one above yields 
Now, (4) and (5) yield
and, finally, . The last relation is exactly the relation (2) for k = m − 1, l = 1.
Suppose that we have already proved (2) for all pairs (k, l) such that k + l = m and 1 ≤ l ≤ s. Then we have by (3) that
By the induction assumption
where v m−1 , w m−1 ,ṽ m−1 ,w m−1 are polynomials of degree m − 1. Thus, since (2) was already proved for for l ≤ s, (6) implies
and so
We are done.
Proof of Theorem 2. We note that g = ψ • Cχ A is a bounded function measurable with respect to the σ-algebra generated by Cχ A . Since f = Cχ A is in BM OA, by Theorem 1, g is approximable by polynomials in f and f . By Proposition 2, the Cauchy transform of a polynomial P (f,f ) has the form CP (f,f ) = Q(f ), where Q is a polynomial. Now (a) follows from the continuity of the Cauchy transform on Recall that the spectrum spec(g) of an inner function g is the collection of points of the unit circle T which are limit points of zeros of g, or in the support of the measure which determines the singular part of g. Of course, g is analytically extendable through some neighborhood of every point which is not in spec(g).
Now if g is a Blaschke product of order n, then
is a finite union of n arcs. Conversely, if A is a finite union of arcs, then the boundary spectrum of g is empty. Indeed, by (b), T \ ∂A is not in the spectrum. Moreover, since the derivative of g does not vanish on T\∂A, g is one-to-one on each component of T \ ∂A (cf. [1] ). This clearly implies that no point of ∂A is in the boundary spectrum of g. Hence, g is a finite Blaschke product with order equal to the number of components of A.
We can now answer Izzo's question from the Introduction. Given a Borel set A with 0 < |A| < 1, does there exist a bounded function such that f is continuous on A c , and for each ζ ∈ T, the cluster set of f at ζ is closed under complex conjugation? By regularity we may assume that A is closed. By Theorem 2, the function g = ψ • Cχ A is inner, analytically extendable through every point of T \ A and satisfies the condition g −1 (T ∩ { z ≥ 0 }) = A. Let σ be a singular probability measure whose support is the upper semicircle, which has a point mass at −1 and satisfies the condition
If φ is the inner function for which σ is the Clark's measure at 1, that is,
then it is easy to check, using Aleksandrov's theorem [1] , that φ is one-to-one on the lower semicircle, T − , is analytically extendible through every point of T − , and maps T − onto a proper subarc I of T. Let h be a conformal map of the unit disk onto the disk slit over the radius from 0 to 1 and which takes I onto this radius. Then the function h • φ • g satisfies the required conditions. Proof. We remark that because of the condition (ii) for every subset A ⊂ J i , g
Let us define the following four sequences of subsets of T. With D 0 = ∅, we define inductively
It is easy to see that the sequence B n is decreasing, 
